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Abstract A hydraulic jump is characterized by strong energy dissipation and mix-
ing, large-scale turbulence, air entrainment, waves, and spray.Despite recent pertinent
studies, the interaction between air bubbles diffusion and momentum transfer is not
completely understood. The objective of this paper is to present experimental results
from new measurements performed in a rectangular horizontal flume with partially
developed inflow conditions. The vertical distributions of the void fraction and the
air bubbles count rate were recorded for inflow Froude number Fr1 in the range
from 5.2 to 14.3. Rapid detrainment process was observed near the jump toe, whereas
the structure of the air diffusion layer was clearly observed over longer distances.
These new data were compared with previous data generally collected at lower Fro-
ude numbers. The comparison demonstrated that, at a fixed distance from the jump
toe, the maximum void fraction Cmax increases with the increasing Fr1. The vertical
locations of the maximum void fraction and bubble count rate were consistent with
previous studies. Finally, an empirical correlation between the upper boundary of the
air diffusion layer and the distance from the impingement point was derived.
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1 Foreword
In open channel flows, the hydraulic jump is a sudden transition from a high-velocity,
supercritical flow into a slow-moving, subcritical flow. It is characterized by a sharp
rise of the free-surface elevation associated with strong energy dissipation, large-scale
turbulence, air entrainment, and spray. Although the hydraulics of hydraulic jump
has been experimentally investigated for more than two centuries, air–water investi-
gations started since only about 40 years. Basic studies of air entrainment in hydraulic
jumps included Rajaratnam [1] and Thandaverwara [2], while a landmark work was
that of Resch and Leutheusser [3], who showed first that the air entrainment pro-
cess, momentum transfer and energy dissipation are strongly affected by the inflow
conditions. More recently, Chanson [4] studied the air–water properties in partially
developed hydraulic jumps, showing a similarity with plunging-jet entrainment.Mossa
and Tolve [5] recorded instantaneous properties of bubbly flow structures using an
imaging technique. Chanson and Brattberg [6] documented vertical distributions of
void fractions, bubble count-rates and air–water velocities in the hydraulic jump with
inflow Froude numbers Fr1 of 6.33 and 8.48. Murzyn et al. [7] measured detailed
air–water flow properties in an hydraulic jump with inflow Froude numbers from 2.0
to 4.8. Table 1 lists the main characteristics of the experimental investigations of air
entrainment in hydraulic jump flows that are available in literature.
Note that in Table 1,W is the channel width, d1 is the inflow depth, V1 is the inflow
velocity, whereas PD and FD mean partially developed and fully developed inflow
conditions, respectively. Despite these studies, the air bubble diffusion process in the
hydraulic jump is not completely understood and the available data aremostly limited
to inflow Froude number Fr1 less than 8. Data for higher Froude numbers are scarce.
In this paper, new experimental results of air bubble entrainment in the develop-
ing region of a hydraulic jump flows with partially developed inflow conditions are
presented (Table 1). The new data were collected for high Froude numbers, in the
range of 5.2 ≤ Fr1 ≤ 14.3. It is purpose of this paper to assess the effects of the
inflow Froude number Fr1 on the air–water flow properties to compare these with
existing data and to investigate the specificities of air–water flow properties at very
large Froude numbers.
2 Experimental setup. Channel and instrumentation
The new experiments were performed at theUniversity of Queensland in a horizontal
channel, 3.2m long and 0.25m wide (Fig. 1). Both bottom and sidewalls were made of
3.2-m long glass panels. This channel was previously used by Chanson [4] and was fed
by a constant head tank. The flow rate in the flume was measured with a 90◦ V-notch
weir which was calibrated on-site with a volume-per-time technique. The percentage
of error was expected to be less than 2%. The water depths were measured using rail-
mounted pointer gauges with an accuracy of 0.2mm. Table 1 lists the experimental
flow conditions.
The air–water flow properties were measured with a single-tip conductivity probe
(needle probe design). The probe consisted of a sharpened rod (platinum wire Ø =
0.35mm) which was insulated except for its tip and set into a metal supporting tube. It
was excited by an electronic system designed with a response time less than 10µs and
calibrated with a square wave generator. The probe vertical position was controlled
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by a fine adjustment system with an accuracy of 0.1mm. All the measurements were
conducted on the channel centerline (z = 0).
The air concentration or void fractionC is the proportion of time that the probe tip
is in the air. Past experience showed that the probe orientation with the flow direction
Table 1 Experimental investigations of air entrainment in hydraulic jump flows
Reference W (m) d1 (m) V1 (m/s) Fr1 Comments
Rajaratnam [1] 0.308 0.0254 1.3–4.35 2.68–8.72 Conductivity probe
Thandaverw-
ara [2]
0.61 0.0107–0.152 2.18–4.60 7.16–13.31 Conductivity probe,
double tip, (4mm tip
spacing), PD inflow
conditions
Resch and
Leutheusser [3]
0.39 0.039 & 0.012 1.84 & 2.78 2.98 & 8.04 Conical hot-film probe,
PD inflow conditions
Resch and
Leutheusser [3]
0.39 0.039 & 0.012 2.5 & 2.00 3.26 & 7.32 Conical hot-film probe
(0.6mm sensor size),
FD inflow conditions
Babb and
Aus [8]
0.46 0.035 3.51 6.0 Conical hot-film probe
(0.4mm sensor size),
PD inflow conditions
Chanson [4] 0.25 0.016–0.017 1.97–3.19 5.0–8.1 Conductivity probe
(single tip, 0.35mm
inner electrode), PD
inflow conditions
Mossa and
Tolve [5]
0.40 0.0185–0.0202 2.85–3.12 6.42–7.3 Video imaging (CCD,
500,000 pixels), PD
inflow conditions
Chanson and
Brattberg [6]
0.25 0.014 2.34 & 3.14 6.33 & 8.48 Conductivity probe
(double tip, 0.025mm
inner electrode, 8mm
tip spacing), PD inflow
conditions
Murzyn et al. [7] 0.30 0.021–0.059 1.50–2.19 2.0–4.8 Optical fiber probe
(double tip, 0.010mm,
1mm tip spacing), PD
inflow conditions
Present study 0.25 0.0119–0.0132 1.865 to 4.874 5.18–14.27 Conductivity probe
(single tip, 0.35mm
inner electrode), PD
inflow conditions
Fig. 1 The hydraulic jump at Fr1 = 14.27
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Fig. 2 Typical dimensionless velocity profiles in the inflow region after [4]
had little effect on the void fraction accuracy provided that the probe support does
not affect the flow past the tip [9]. This was checked with the present probe. In the
present study, the probe tip was horizontal and aligned with the main flow direc-
tion. The bubble count rate F is the number of bubbles impacting the probe tip per
second. The measurement is sensitive to the probe tip size, bubble sizes, velocity and
discrimination technique, particularly when the sensor size is larger than the smallest
bubbles. With the single-tip conductivity probe, the error on the air concentration
(void fraction) measurements was estimated as: C/C = 4% for 0.05 < C < 0.95,
C/C ≈ 0.002/(1 − C) for C > 0.95, and C/C ≈ 0.005/C for C < 0.05.
A sensitivity analysis was performed to assess the effects of the sampling duration
Tscan andthesamplingrateFscan onthehydraulic jumpair–waterproperties,namely the
void fractionC and the bubble count rate F. The results showed that the sampling fre-
quencyhadlittleeffectonthevoidfractionforagivensamplingduration,but thebubble
count rate was drastically underestimated for sampling rates below 5–8 kHz. Further-
more, the sampling duration had little effect on both void fraction and bubble count
rate for scan periods longer than 30–40 s. In the present study, the probe was scanned
at Fscan = 20 kHz for Tscan = 45 s at each sampling location. Additional information
were obtained with digital cameras Panasonic™ Lumix DMC-FZ20GN (shutter: 8 to
1/2,000 s) and Olympus™ Camedia C700 (shutter: 4 to 1/1,000 s), and a digital video-
camera Sony™DV-CCDDCR-TRV900 (frame rate 25 fr/s, shutter: 1/4 to 1/10,000 s).
Upstream of the gate, the flow from a large reservoir passed through a system of
screens and flow straighteners to ensure a quiescent and two-dimensional flow into
the head tank immediately upstream of the gate. This arrangement generated in turn a
well-defined shallow supercritical approach flow downstream of the gate. Preliminary
clear water velocity measurements were performed in the flume using a Prandtl-Pitot
tube (Ø = 3.3mm). Dimensionless velocity profiles are presented in Fig. 2, where
Vc and dc are the critical velocity and depth in the channel, respectively. The results
showed that the supercritical inflow was partially developed for all investigated flow
conditions (Table 1). The relative boundary layer thickness δ/d1 was about from 0.5
to 0.6 depending upon the inflow conditions (Fig. 3).
3 Basic patterns of air–water flow properties in the hydraulic jump flow
The hydraulic jump is characterized by a sharp rise of the water surface, with strong
mixing, large-scale turbulence, and air entrainment. The air–water flow of a hydraulic
jump includes three distinct regions (Fig. 3) [10]:
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Fig. 3 Sketch of hydraulic jump flow with partially developed inflow conditions
• a turbulent shear layer or air diffusion layer with smaller air bubble sizes and high
air content;
• a boiling flow region, which is characterized by the development of large-scale
eddies and bubble coalescence;
• a foam layer at the free surface with large air polyhedra structures.
The boiling flow region and the foam layer constitute the roller region. Figure 3
presents a typical sketch of the hydraulic jump with partially developed inflow condi-
tions, where the typical vertical profiles of the void fractionC and of the bubble count
rate F are also showed. Also, in Fig. 3 x1 is the distance of the impingement point
from the gate, Cmax and Fmax are the maximum void fraction and bubble count rate,
respectively, and YCmax is the vertical location from the bottom of the maximum void
fraction.
At the jump toe, air bubbles and air packets are entrained into a free shear layer
characterized by intensive turbulence production, predominantly in vortices with hor-
izontal axes perpendicular to the flow direction. Air entrainment occurs in the form
of air bubbles and air pockets entrapped at the impingement points. The air pockets
are broken up in small air bubbles by turbulent shear as they enter the shear layer.
Large air content and maximum bubble count rates are observed. In the shear layer,
where an advective diffusion region is present, when the bubbles are advected into
regions of lesser shear, bubbles collision and coalescence lead to larger entities (bub-
bles, pockets) that are driven up by buoyancy towards the free surface in the boiling
region. Near the free surface, the liquid is reduced to thin films separating the air
bubbles. Their shape becomes pentagonal to decahedron [2,10,11].
The roller is characterized by strong unsteady flow reversal and recirculation. The
location of the jump toe is consistently fluctuating around its mean position and
some vortex shedding develops in the mixing layer. High speed photographs show a
significant number of air–water ejections above the mean free surface of the roller
(Figs. 4, 5). The ejected packets reattach rapidly to the jump roller and they could
not always observed by eye. The bulk of the roller is further enhanced by the volume
of entrained air. Visual observations suggest that the maximum roller height is about
10–20% larger than the downstream flow depth, i.e., conjugate water depth, depend-
ing upon both the inflowFroude numbersFr1 and the experimental conditions.During
the present experiments, the position of the hydraulic jump toe fluctuated with time
within a 0.1–0.2m range depending upon the flow conditions.
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Fig. 4 Details of bubbly flow region at Fr1 = 6.51 (high-shutter speed: 1/500 s)
Fig. 5 Details of bubbly flow region at Fr1 = 14.27 (high-shutter speed: 1/500 s)
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Fig. 6 Hydraulic jump toe fluctuations: relationship between Strouhal and Reynolds numbers
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Fig. 7 Details of the impingement point at Fr1 = 6.51 (high-shutter speed: 1/500 s)
Measured toe pulsation frequencies Ftoe were typically about 0.5–1.9Hz for the
present study. Figure 6 presents the observations in term of Strouhal number, which
is defined as:
St = Ftoed1
V1
(1)
as function of the inflow Reynolds number Re1 = V1 · d1/ν, where V1 is the inflow
velocity, d1 is the inflow depth and ν is the water kinematic viscosity. In Fig. 6 the
experimental data are compared with those available in the literature [5,12]. The
jump toe pulsations are believed to be caused by the growth, advection and pairing
of large scale vortices in the developing shear layer of the jump [12,13].
In the shear layer an advective diffusion region is present which is similar to that
observed in two-dimensional plunging jet flows as pointed out by Cummings and
Chanson [14,15] and Brattberg and Chanson [11]. In both flow situations, air bubbles
are entrained when the jet impact velocity exceeds a critical value VE. For turbulent
inflows, the inception velocity is about VE = 1–2m/s [10,16]. For inflow velocities V1
greater than the onset velocity VE, air packets are entrained/entrapped at the impact
of the jet flow into the pool of water (plunge pool, roller) (Figs. 4, 7).
In hydraulic jumps with partially developed inflow, the advective diffusion air layer
was experimentally documented. In this layer and below, the mean flow velocity is
considerably greater than the bubble rise velocity, that is about 0.3m/s for bubbles in
the range of sizes from 1 to 5mm [17]. With the increasing distance x − x1 from the
impingement point, the peak void fraction Cmax decreased while the diffusion layer
broadened (Fig. 3). The advective diffusion layer did not coincide with the momen-
tum shear layer [6,15,18]. This non-coincidence illustrates a double diffusion process
whereby air bubbles andmomentumdiffuse at different rates and in differentmanner.
The interactions between developing shear layer and air diffusion layer are compli-
cated, and they are believed to be responsible for the existence of a peak bubble
count rate Fmax (Fig. 3). Further experimental observations showed that the vertical
position where the bubble count rate finds its maximum value does not coincide with
the vertical location of maximum void fraction Cmax.
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Fig. 8 The hydraulic jump at Fr1 = 10.76
From a theoretical point of view it was argued by Chanson [10] that in the advective
diffusion layer and below the void fraction C should satisfy the classical advection–
diffusion equation:
u
∂C
∂x
+ C ∂u
∂x
= ∂
∂y
(
Dt
∂C
∂y
)
, (2)
where u is a representative horizontal velocity and Dt is the air bubbles turbulent
diffusion coefficient. Notably, in Eq. (2), the advective process is along the horizontal
direction while the diffusion process occurs only in the vertical direction, that is y-axis.
Experimental data demonstrated that the void fraction profiles are best predicted
by an approximate solution of Eq. (2) [10]:
C = Cmaxexp
⎡
⎢⎣− 1
4D#t
(
y
d1
− YCmaxd1
)2
x−x1
d1
⎤
⎥⎦ , (3)
where YCmax is the vertical location measured above the channel bottom of the point
of the maximum void fraction Cmax (Fig. 2) and D#t is a dimensionless air bubbles
diffusivity defined as D#t = Dt/(V1 · d1). Equation (3) results in the typical Gaussian
profile of the advective diffusion equation for an instantaneous, localized release.
Previous experimental works demonstrated that Eq. (3) holds only when the inflow
Reynolds numberRe1 is higher than 25,000. For lowerRe1, the rate of air entrainment
was weak and rapid air detrainment, i.e., upward advection of air bubbles towards the
free surface due to buoyancy, destroyed any organized advective diffusion layer.
The air content in the upper part of the hydraulic jump, i.e., the roller, is at least ini-
tially dominated by the interfacial aeration at the free surface (Fig. 8). Therefore, the
void fraction distribution tends to follow a solution of the bubble advection equation
for a free-jet [10,19]:
C = 1
2
[
1 + erf
(
1
2
√
V1
D′t
y − Y50√
x − x1
)]
, (4)
whereY50 is the characteristic depth where the void fractionC is 50%,D′t is the turbu-
lent diffusivity of the upper interface and erf is the Gaussian error function defined as:
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Fig. 9 Dimensionless vertical profile of void fraction C at (x − x1)/d1 = 11.63 for Fr1 = 8.37.
Re1 = 38, 400, d1 = 0.0129m
erf (u) = 2
π
u∫
o
exp
(
−t2
)
dt. (5)
Equation (4) was developed for water jets discharging into air with an uniform veloc-
ity distribution, for a diffusivityD′t that is assumed to be independent of the transverse
direction y and which averages the effect of turbulence and longitudinal velocity gra-
dient. Note that D′t characterizes the air bubble diffusion process at the upper free
surface while, in Eqs. (2) and (3), the diffusivity Dt describes the advective diffusion
process in the air–water shear layer downstreamof a point source at x = x1 and y = d1,
i.e., the jump toe. Equation (4) is not applicable to a hydraulic jump roller free-sur-
face, although it does fit the data [7] as shown in Fig. 9. Figure 9 presents a typical
dimensionless vertical profile of void fraction collected during the experiments. The
profile is that at (x − x1)/d1 = 11.63 for Fr1 = 8.37. The plot identifies two regions,
that is the air diffusion layer region, where experimental data are fitted to, and follow,
the Eq. (3), and the roller region, where the data are approximated by Eq. (4). The
intersection between the two lines defines a dimensionless elevation Y∗/d1 [7], which
represents the upper vertical boundary of the air diffusion layer and is a meaningful
parameter of air entrainment process.
4 Experimental results. Distributions of void fraction and bubble count rate.
Discussion
Most available data on air bubble entrainment in the developing region of hydraulic
jump flows were collected in the range of inflow Froude number Fr1 up to 8. Data for
higher Froude numbers are scarce. The new experimental works complement these
earlier findings and highlight some evolution of the air–water flow properties with the
increasing Froude number. Five inflowFroude numberswere considered, namely 5.18,
6.51, 8.37, 10.76, and 14.27. The main experimental results are summarized in Table 2.
Note that the aspect ratio of the flow W/d1 was very similar in all the experiments as
well as the ratio x1/d1 between the distance of the impingement point from the gate x1
and the water depth measured immediately upstream the hydraulic jump d1. Further-
more, in Table 2 the dimensionless horizontal distance from the impingement point
where the measurements were made (x − x1)/d1 are listed for each of the considered
Fr1. Finally, Table 2 lists some results, such as the values for each experiment of the
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Table 2 Experimental investigations of air entrainment in hydraulic jump flows
Run Fr1 Re1 W/d1 x1/d1 (x − x1)/ Cmax YCmax / D#t Y∗/d1 Fmax× YF max/
d1 d1 d1/V1 d1
5/11/2005 5.18 24,680 18.90 37.79 1.51 0.291 1.565 0.017 1.87 0.329 1.413
3.78 0.191 3.152 0.056 2.55 0.252 1.640
7.56 0.121 3.152 0.087 3.53 – –
02/02/2006 6.51 26,800 20.83 41.67 4.17 – – – – 0.150 1.596
8.33 0.108 2.846 0.043 3.47 0.110 3.888
12.50 0.030 2.846 0.053 4.30 0.088 5.138
16.67 0.016 3.263 0.055 4.72 0.070 5.971
22/11/2005 8.37 38,400 19.38 38.76 1.55 – – – – 0.385 1.295
3.88 – – – – 0.483 1.295
7.75 0.248 2.070 0.029 3.62 0.406 1.527
11.63 0.172 2.845 0.069 4.78 0.276 1.682
7/02/2006 10.76 48,800 19.53 39.06 3.91 – – – – 0.332 0.910
7.81 0.271 1.953 0.064 2.86 0.464 1.301
11.72 0.249 2.148 0.049 3.25 0.439 1.301
15.63 0.227 2.734 0.066 4.43 0.412 1.691
27.34 0.074 3.516 0.058 6.38 0.159 3.254
39.06 0.036 4.297 0.058 8.72 0.086 4.816
50.78 – – – 9.50 0.056 11.07
8/02/2006 14.27 58,000 21.01 42.02 4.20 0.529 1.261 0.069 2.24 0.423 0.979
8.40 0.343 1.261 0.185 3.50 0.434 1.399
16.81 0.250 2.101 0.169 4.76 0.425 1.819
29.41 0.149 3.782 0.106 7.28 0.291 2.239
42.02 0.101 5.882 0.140 9.38 0.168 3.500
54.62 0.074 5.462 0.072 9.38 0.105 5.601
67.23 – – – 13.6 0.052 11.06
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Fig. 10 Dimensionless vertical profile of void fraction C for (a) Fr1 = 5.18 and (b) Fr1 = 14.27
maximum void fraction Cmax, the vertical location from the bottom of the maximum
void fraction YCmax/d1, the dimensionless air bubbles turbulent diffusivity in the air
diffusion layerD#t , the dimensionless upper boundary of the air diffusion layerY
∗/d1,
the maximum dimensionless bubble count rate Fmax × d1/V1, and its vertical location
from the bottom YFmax/d1.
Figure 10(a) and (b) shows typical vertical profiles of the void fraction C at several
longitudinal distances from the jump toe, for Fr1 = 5.18 and Fr1 = 14.27, respectively.
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Fig. 11 Dimensionless vertical profile of F × d1/V1 for (a) Fr1 = 8.37 and (b) Fr1 = 14.27
The experimental data in the air diffusion layer are also compared with Eq. (3). For
Fr1 = 5.18, it is observed that close to the impingement point, at (x−x1)/d1=1.51, the
rapid detrainment process partially destroyed the air diffusion layer and the maxi-
mum void fractionCmax decreased with the increasing distance from the impingement
point. For the highest Froude number, i.e., Fr1 = 14.27, the void fraction data closely
followed Eq. (3) up to a downstream distance of (x − x1)/d1 = 16.81 from the jump
toe. Note however that, at smaller distances from impingement, the air diffusion layer
was affected by some interaction with the free surface.
Figure 11(a) and (b) presents the dimensionless vertical profiles of the bubble count
rate F × d1/V1 measured at different distances from the jump toe for Fr1 = 8.37 and
Fr1 = 14.27, respectively. For Fr1 = 8.37, there is little trend between the dimen-
sionless bubble count rate and the distance from the jump toe. For Fr1 = 14.27,
however, large bubble count rates were observed close to the impingement point and
the dimensionless bubble count rate decreased with an increasing distance from the
jump toe.
5 Experimental results. Comparison with literature data
The new data presented in Sect. 4 were compared with those collected in previ-
ous experiments using the same facility [4,6]. Data for Fr1 = 5.02, Fr1 = 5.66 and
Fr1 = 8.06 were taken from [4], whereas data for Fr1 = 6.33 and Fr1 = 8.48 were
taken from [6]. Two series of data were available for Fr1 = 5.02 and Fr1 = 8.06.
They are presented in the following figures as 5.02a, 5.02b, 8.06a, and 8.06b. The
complete experimental conditions of these previous experiments are listed in Table
1. Particularly, data collected at the same distance from the jump toe were compared
to highlight the influence of the inflow Froude number Fr1. Figure 12(a) and (b)
shows the dimensionless vertical profiles of the void fraction C at x− x1 = 0.02m and
x−x1 = 0.05m, respectively. Nine and ten profiles are compared, respectively. Higher
C values correspond to the higher Fr1, but a clear trend with Fr1 cannot be observed.
At x − x1 = 0.02m, most profiles do not exhibit the typical two-region pattern that
was presented in Fig. 9.
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Fig. 12 Dimensionless vertical profile of void fractionC at (a) x−x1 = 0.02m and (b) x−x1 = 0.05m
0
2
4
6
V
er
tia
l p
os
iti
on
 y
/d
1
V
er
tia
l p
os
iti
on
 y
/d
1
8
0.0 0.2 0.4 0.8 1.0
Void fraction C
0
Void fraction C
Fr1=5.02a Fr1=5.02b
Fr1=5.18 Fr1=6.33
Fr1=6.51 Fr1=8.06a
Fr1=8.06b Fr1=8.37
Fr1=8.48 Fr1=10.76
Fr1=14.27
2
4
6
8 Fr1=5.02a Fr1=5.02bFr1=5.18 Fr1=6.51
Fr1=8.06a Fr1=8.06b
Fr1=8.37 Fr1=10.76
Fr1=14.27
Single-tip
probe data
0.6 0.0 0.2 0.4 0.8 1.00.6
a b
Fig. 13 Dimensionless vertical profile of void fraction C at x − x1 = 0.10m
The advective diffusion air layer was destroyed by the free-surface effect except
for the lower Fr1, that is Fr1 = 5.02b and Fr1 = 5.66.
At x − x1 = 0.05m, two-regions profiles were observed up to Fr1 = 6.33.
Both Fig. 13(a) and (b) show the data at x − x1 = 0.10m, but Fig. 13(a) presents
all the available data while Fig. 13(b) presents only the data collected with a sim-
ilar single-tip probe. The typical two-regions pattern could be clearly observed for
each profile. Also, void fraction values were generally increasing with the increasing
Fr1. A clear trend in the value of Cmax could be observed, that is Cmax increased
with the increasing Fr1. For Fr1 = 5.02, Cmax was always lower than 0.1, whereas for
Fr1 = 14.27, Cmax was 0.34.
Figure 14(a) shows all the data collected at x−x1 = 0.20m,while Fig. 14(b) presents
those measured at x − x1 = 0.20m with the single-tip probe. Typical two-regions
pattern was always observed and the measured void fractions were fairly increasing
with the increasing inflow Froude number Fr1. This increase was very remarkable
from 8.06 to 10.76. For Fr1 = 5.02, Cmax was around 0.05, whereas for Fr1 = 14.27,
Cmax was 0.25.
A similar trendwas observed at x−x1=0.30 or 0.35m, as it is shown in Fig. 15(a) and
(b), respectively. For lower Froude number, that is Fr1 = 8.06, the Gaussian profile
is very flat with Cmax around 0.01 or even lower than 0.1. For Fr1 = 14.27, Cmax was
0.15.
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Fig. 16 Dimensionless vertical profile of void fraction C at x − x1 = 0.50 and 0.65m
230 Environ Fluid Mech (2007) 7:217–238
0.0
0.1
0.2
0.4
0.5
20 30
(x-x1)/d1 (x-x1)/d1
C
m
a
x
0.3
0.6
0 10 40 50 60
Fr1=5.02a Fr1=5.02b
Fr1=5.18 Fr1=5.66
Fr1=6.33 Fr1=6.51
Fr1=8.06a Fr1=8.06b
Fr1=8.37 Fr1=8.48
Fr1=10.76 Fr1=14.27
1.2
F
0.0
0.2
0.4
0.6
0.8
1.0
m
a
x
1/V
1
0 10 20 30 40 50 60
F
×d
r1=5.18 Fr1=6.33
Fr1=6.51 Fr1=8.37
Fr1=8.48 Fr1=10.76
Fr1=14.27
Figs. 17 and 18 Longitudinal dimensionless profiles of Cmax and Fmax × d1/V1
Finally, Fig. 16(a) and (b) present void fraction profiles at x− x1 = 0.50 and 0.65m,
respectively. At these large distances from the impingement point C values were
always very low and the air diffusion layer shape from Eq. (3) was very weak. It
is worthwhile to note that also for the highest Froude number the measured void
fractions in the advective diffusion air layer were always below 0.10. For Fr1 = 14.27,
Cmax was 0.10 at x − x1 = 0.50m and 0.07 at x − x1 = 0.65m, respectively.
6 Froude number effect on air–water flow properties
The comparison between present and past data was extended to some characteristic
parameters of the air–water flow, such as the maximum void fraction Cmax, its dimen-
sionless vertical location from the bottomYCmax/d1, the dimensionless air bubbles tur-
bulent diffusivity in the air diffusion layerD#t , the dimensionless upper boundary of the
air diffusion layerY∗/d1, themaximumdimensionless bubble count rateFmax×d1/V1,
and its vertical elevation YFmax/d1. The values measured in the new experimental
works are reported in Table 2. Note that the data from previous researches are for
Fr1 = 5.02, (two sets), 5.66, 6.33, 8.06 (two sets) and 8.37, whereas the new data are
for Fr1 = 5.18, 6.51, 8.37, 10.76, and 14.27.
6.1 Maximum void fraction and maximum bubble count rate
Figures 17 and 18 present the longitudinal variations of maximum void fraction Cmax
and maximum dimensionless bubble count rate Fmax × d1/V1.
The maximum air content in the air diffusion layer decreased with distance from
the jump toe and the data are believed to follow closely both power law and expo-
nential decay functions as shown by Chanson and Brattberg [6] and Murzyn et al. [7].
The corresponding decay correlations are:
Cmax = C1p
(
x − x1
d1
)C2p
, (6)
Cmax = C1eexp
[
−C2e
(
x − x1
d1
)]
, (7)
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Table 3 Results of regression analysis on Cmax
Year and Ref. Fr1 W/d1 x1/d1 Power law Exponential law
C1p C2p R
2 C1e C2e R
2
1994 [4] 5.02 15.82 31.65 1.102 −1.18 0.986 0.338 0.14 0.871
1994 [4] 5.02 15.82 31.65 0.286 −0.86 0.872 0.239 0.18 0.998
Present study, 5/11/2005 5.18 18.90 37.79 0.372 −0.54 0.989 0.348 0.14 0.986
1994 [4] 5.66 15.82 31.65 0.282 −0.46 0.993 0.270 0.11 0.966
1997 [6] 6.33 17.86 35.71 2.473 −1.10 0.758 0.590 0.08 0.963
Present study, 02/02/2006 6.51 20.83 41.67 37.592 −2.78 0.991 0.654 0.23 0.963
1994 [4] 8.06 15.82 31.65 0.904 −1.06 0.819 0.597 0.15 0.995
1994 [4] 8.06 15.82 31.65 0.488 −0.83 0.839 0.402 0.14 0.996
Present study, 22/11/2005 8.37 19.38 38.76 1.574 −0.90 1.000 0.516 0.09 1.000
1997 [6] 8.48 17.86 35.71 6.008 −1.22 0.836 0.659 0.06 0.970
Present study, 7/02/2006 10.76 19.53 39.06 5.656 −1.32 0.895 0.544 0.07 0.976
Present study, 8/02/2006 14.27 21.01 42.02 1.710 −0.75 0.973 0.507 0.04 0.971
where C1p, C2p, C1e and C2e are the numerical coefficients of power law and expo-
nential decay functions. They have to be derived from the analysis of experimental
data.
These correlations were both applied to all available data, regrouping 12 inflow
Froude numbers Fr1 and 52 values of Cmax. The best fit results are listed in Table 3.
Note thatR2 is determination coefficient of the regression law. The exponential decay
function yielded higher correlation coefficients and it was more physical since, in the
limit of (x − x1)/d1 → 0, the exponential function tends to the unity, corresponding
to the maximum allowable value for Cmax.
The effects of the inflow Froude number on the coefficients C1e and C2e of Eq. (7)
were tested to investigate if they were affected from the corresponding inflow Froude
number Fr1 value. First, C2e values were plotted against their corresponding Froude
number using a weight criterion which considers two parameters:
• the number of data Cmax belonging to each Set with the same Fr1;
• the longitudinal extensionof thedatawith the sameSet, i.e., the differencebetween
the maximum and the minimum values of (x − x1)/d1 parameter for each Set.
In other words, C2e values belonging to each Set was considered to have a different
weight depending from the characteristics of each Set, such as the number of data and
the length of the reach downstream the jump toe where the air–water flow properties
were measured.
This analysis was performed both for all the series of data listed in Table 3 and for
the series of data collected with the single-tip probe. Figure 19(a) and (b) presents
C2e weighted values against Fr1 for all the data and for only single-tip probe data,
respectively. A significant correlation between C2e and Fr1 was observed, especially
for single-tip probe data. The following regression laws of Fr1 on C2e were obtained:
C2e = 0.229 exp (−0.121 Fr1) , (8a)
C2e = 0.473 exp (−0.172 Fr1) , single-tip probe data (8b)
These regressions mean that C2e decreases with the increasing Fr1. Therefore Cmax
decay with the increasing distance from the impingement point, that is represented
by Eq. (7), is lower at higher Fr1. This is consistent under the physical point of view
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Fig. 19 Influence of inflow Froude number Fr1 on C2e parameter in Eq. (7)
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Fig. 20 Influence of inflow Froude number Fr1 on C1e−avg parameter in Eq. (7)
since it means that Cmax decay due to the increasing distance from the impingement
point is lower at higher Fr1.
Equations (8a) and (8b) provided a way to estimate under different Froude num-
bers C2e parameter of Eq. (7).
After that, the influence of Fr1 on C1e had to be still evaluated and Eq. (7) could
be applied. Assuming that Eq. (7) provided the true value of Cmax, this equation was
solved for C1e for each one of the experimental data. As the data were grouped in
Sets according their inflow Froude number, an averaged C1e value, called C1e−avg, for
each Set was derived. Results were plotted against Fr1.
Figure 20(a) shows results for all the data, Fig. 20(b) presents only single-tip probe
data. The data presented a low degree of correlation with Fr1, that is C1e−avg param-
eter is constant with Fr1. At this point a value for C1e−avg to insert in Eq. (7) was
needed. This value, called C1e−avg, was estimated as it follows. C1e−avg values of each
set wereweighted using the criterion previously applied toC2e. The resultingweighted
value, that is C1e−avg, was 0.688 and 0.478 for all the data and single-tip probe data,
respectively. Therefore, the following two equations were obtained:
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Table 4 Results of regression analysis on Fmax × d1/V1
Year and Ref. Fr1 W/d1 x1/d1 Power law Exponential law
C3p C4p R2 C3e C4e R2
Present study, 5/11/2005 5.18 18.90 37.79 0.371 −0.29 1.000 0.393 0.12 1.000
1997 [6] 6.33 17.86 35.71 1.586 −0.63 0.742 0.952 0.06 0.963
Present study, 02/02/2006 6.51 20.83 41.67 0.333 −0.54 0.985 0.189 0.06 0.993
Present study, 22/11/2005 8.37 19.38 38.76 0.470 −0.13 0.260 0.481 0.04 0.521
1997 [6] 8.48 17.86 35.71 2.400 −0.67 0.739 1.261 0.05 0.954
Present study, 7/02/2006 10.76 19.53 39.06 1.920 −0.78 0.693 0.619 0.05 0.917
Present study, 8/02/2006 14.27 21.01 42.02 1.764 −0.68 0.710 0.627 0.03 0.947
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Fig. 21 Influence of inflow Froude number Fr1 on C4e parameter in Eq. (10)
Cmax = 0.688 exp
[
0.229 exp (−0.121 Fr1)
(
x − x1
d1
)]
, (9a)
Cmax = 0.478 exp
[
0.473 exp (−0.172 Fr1)
(
x − x1
d1
)]
, single-tip probe data,
(9b)
where Cmax decay was modeled as function of both the distance from the jump toe
(x − x1)/d1 and the inflow Froude number Fr1.
Similarly, the maximum bubble frequency was observed to decay exponentially
with the distance from the impingement point. Therefore, the analysis previously per-
formed for Cmax was repeated for Fmax × d1/V1. Both power law and exponential
law were applied to simulate Fmax × d1/V1 decay with the increasing dimensionless
distance (x − x1)/d1. They were both applied to the available data, which were char-
acterized by seven values of Fr1 and 33 values of Fmax × d1/V1. The results of the
regression analysis are listed in Table 4. The exponential law was preferred for its
higher R2. The applied exponential law was:
Fmaxd1
V1
= C3eexp
[
−C4e
(
x − x1
d1
)]
. (10)
The influence of Fr1 on both C3e and C4e parameters of Eq. (10) was investigated as
previously.
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Fig. 22 Influence of inflow Froude number Fr1 on C3e−avg parameter in Eq. (10)
Figure 21(a) and (b) presents C4e weighted values against Fr1. Again, Fig. 21(a)
shows results for all the data, Fig. 21(b) presents only single-tip probe data. The results
demonstrated a significant correlation between C4e and Fr1, which yields:
C4e = 0.112 exp (−0.090 Fr1) , (11a)
C4e = 0.191 exp (−0.129 Fr1) , single-tip probe data, (11b)
which confirmed a faster decay of Fmax × d1/V1 with (x − x1)/d1 at lower Fr1.
Equations (11a) and (11b) provided a way to estimate under different Froude
numbers C4e parameter of Eq. (10). After that, the influence of Fr1 on C3e had to
be still evaluated and Eq. (10) could be applied. Assuming that Eq. (10) provided
the true value of Fmax × d1/V1, this equation was solved for C3e for each one of the
experimental data. As the data were grouped in Sets according their inflow Froude
number, an averagedC3e value, calledC3e−avg, for each Set was derived. Results were
plotted against Fr1. Figure 22(a) shows results for all the data, Fig. 22(b) presents only
single-tip probe data.
As forCmax, the data presented a low degree of correlation with Fr1, that isC3e−avg
parameter is constant with Fr1. At this point a value for C3e−avg to insert in Eq. (10)
was needed. This value, called C3e−avg, was estimated as it follows. C3e−avg values of
each set were weighted using the criterion previously applied to C4e. The resulting
weighted value, that is C3e−avg, was 0.464 and 0.407 for all the data and single-tip
probe data, respectively. Therefore, the following two equations were obtained:
Fmaxd1
V1
= 0.464 exp
[
0.112 exp (−0.090 Fr1)
(
x − x1
d1
)]
, (12a)
Fmaxd1
V1
= 0.407 exp
[
0.191 exp (−0.129 Fr1)
(
x − x1
d1
)]
, single-tip probe data.
(12b)
This result demonstrated that the maximum number of bubble impacting the probe
was decreasing with the increasing distance from the jump toe (x − x1)/d1 but this
decay was lower at higher Fr1.
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Figs. 23 and 24 Location of the maximum air content YCmax/d1 and maximum bubble count rate
YF max/d1
6.2 Vertical elevation of points with the maximum air content
Thevertical elevationof thepointswith themaximumair contentwas also investigated.
Figures 23 and 24 present the vertical dimensionless location from the channel
bottom of the points with the maximum void fraction YCmax/d1 and the maximum
dimensionless bubble count rate YFmax/d1, respectively. Note that the data of pre-
vious researches are for Fr1 = 5.02, (two sets), 5.66, 6.33, 8.06 (two sets), and 8.37,
whereas the new data are for Fr1 = 5.18, 6.51, 8.37, 10.76 and 14.27. The experi-
mental observations showed systematically that the locus of maximum void fraction
YCmax/d1 was always higher than the location ofmaximumbubble count rateYFmax/d1.
Such a result was previously observed in hydraulic jumps [6], in vertical supported
plunging jets [18] and in vertical circular plunging jets [20]. These studies suggested
that this finding was related to a double diffusion process whereby vorticity and
air bubbles diffuse at a different rate and in a different manner downstream of the
impingement point. In turn there would be some dissymmetry in turbulent shear
stress across the bubbly flow region which would influence the characteristic bub-
ble size and hence the number of bubbles for a given void fraction in the advective
diffusion region.
All the data were compared with the empirical correlations proposed by Chanson
and Brattberg [6] and new correlations were derived. They proposed from their data
the following correlation for the locus of maximum void fraction YCmax/d1:
YCmax
d1
= 1 + 0.10815x − x1
d1
,
x − x1
d1
< 30 (13)
while all the data considered in the present paper produced the new following
correlation:
YCmax
d1
= 1.39 + 0.1038x − x1
d1
,
x − x1
d1
< 60 (14)
with R2 = 0.741.
236 Environ Fluid Mech (2007) 7:217–238
0.00
0 10 20 30 40 50 60
0.05
0.10
(x-x1)/d1 (x-x1)/d1
D
t
0.15
0.20
0.25
#
Fr1=5.02a Fr1=5.02b Fr1=5.18
Fr1=5.66 Fr1=6.33 Fr1=6.51
Fr1=8.06a Fr1=8.06b Fr1=8.37
Fr1=8.48 Fr1=10.76 Fr1=14.27
0
2
4
8
0 10 20 30 40 50 60
Y
*
6
14
/d
10
12
1
16 Fr1=5.02a Fr1=5.02b
Fr1=5.18 Fr1=5.66
Fr1=6.33 Fr1=6.51
Fr1=8.06a Fr1=8.06b
Fr1=8.37 Fr1=8.48
Fr1=10.76 Fr1=14.27
Eq.(17)
Figs. 25 and 26 Longitudinal dimensionless profiles of D#t and Y
∗/d1
Chanson and Brattberg [6] proposed from their data the following correlation for
the vertical dimensionless locus of maximum bubble count rate YFmax/d1:
YFmax
d1
= 1 + 0.03457
(
x − x1
d1
)1.1738
,
x − x1
d1
< 30 (15)
while all the data considered in the present paper produced the new following corre-
lation:
YFmax
d1
= 0.50 + 0.1488x − x1
d1
,
x − x1
d1
< 70 (16)
with R2 = 0.726.
Final analysis was addressed to the air bubble diffusivity in the air diffusion layer
and to the vertical elevation of the upper boundary of this layer.
Figure 25 presents the longitudinal dimensionless profile of the air bubble diffusiv-
ity D#t values that were deduced from the best fit of the data in the air diffusion layer
region. The values are listed in Table 2. Note that the data of previous researches are
for Fr1 = 5.02, (two sets), 5.66, 6.33, 8.06 (two sets), and 8.37, whereas the new data
are for Fr1 = 5.18, 6.51, 8.37, 10.76, and 14.27. The order of magnitude of the new
data is generally consistent with the earlier studies of Chanson [4] and Chanson and
Brattberg [6]. However, it could be observed that the values for the highest inflow
Froude number, i.e., Fr1 = 14.27, were generally higher than those for lower Froude
number.
Finally, Fig. 26 presents the longitudinal dimensionless profile of the dimensionless
upper boundary of the air diffusion layer Y∗/d1. This boundary tends systematically
to increase with the increasing distance from the jump toe for a fixed inflow Froude
number. Also, the data were well correlated by the empirical relationship:
Y∗
d1
= 1.94 + 0.169x − x1
d1
,
x − x1
d1
< 70 (17)
which was derived using 55 data and had R2 = 0.897. All Y∗/d1 values are listed in
Table 2.
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7 Conclusion
The first objective of the paper was to present the new experimental results of air
bubble entrainment in the developing region of hydraulic jump flows with partially
developed inflow conditions. Particularly, the new data were collected for high inflow
Froude numbers, in the range of Fr1 from 5.18 to 14.27. Rapid detrainment process
was observed near the jump toe, whereas at higher distances the void fraction distri-
butions confirmed the presence of an advection–diffusion shear layer where the air
concentration distributions followed an analytical solution of the diffusion equation
for air bubbles. Furthermore, comparison between the new data with previous ones
collected at lower Fr1 demonstrated that at a fixed distance from the jump toe, max-
imum void fraction Cmax increases with the increasing Fr1. Also, the elevation of the
point with the maximum air content decreased with the increasing Fr1. These trends
were observed at almost all the distance from the impingement point and this is a first
relevant result of this study.
Second, the influence of Fr1 on some relevant parameter of air–water flow was
assessed.
A new empirical relationship between Cmax decay as function of both the distance
from the jump toe (x − x1)/d1 and the inflow Froude number Fr1 was finally derived
demonstrating that Cmax decay due to the increasing distance from the impingement
point is lower at higher Fr1. This is consistent under the physical point of view. A sim-
ilar analysis was undertaken for Fmax × d1/V1, resulting in an empirical relationship
between Fmax ×d1/V1 and both (x−x1)/d1 and Fr1. Both relationship confirmed that
the aeration properties of the hydraulic jump are enhanced by higher inflow Froude
number Fr1.
Third, existing empirical correlations between YCmax/d1 and (x − x1)/d1 and be-
tween YF max/d1 and (x − x1)/d1 were improved using all the available data and
extended to larger distances from the jump toe. The values of the air bubble diffusiv-
ity D#t that were deduced from the best fit of the data in the air diffusion layer region
demonstrated the presence of the highest values at the highest inflow Froude number,
i.e., Fr1 = 14.27. Finally, the data demonstrated that the upper boundary of the air
diffusion layer tends systematically to linearly increase with the increasing distance
from the jump toe for a fixed inflow Froude number.
The study is believed to be the largest for the considered number of data and the
range of considered inflow Froude number Fr1. Finally, it is the first study where some
relevant parameters of air–water flow were related with both the distance from the
impingement point and the inflow Froude number Fr1.
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